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A well-known theorem of Heawood states that 3-edge-coloring bridgeless planar cubic 
graphs-and, hence, the four-color theorem-is equivalent to labeling vertices with either +1 
or -1 so that the sum around any face is 0 (mod 3). In this paper we introduce the notion of 
“angle-labeling” and give results analogous to Heawood’s for bridgeless planar graphs with 
vertices of degree 2 or 3. 
1. Introduction 
The four-color theorem has had a long and fruitful history. The fecundity of the 
four-color problem has been splendidly documented in the award-winning paper 
“Thirteen Colorful Variations on Guthrie’s Four-Color Conjecture” by Saaty 
which appeared in 1972 [4], and which was the basis for a later book [5]. 
Two of the variations which are of interest to us in the present paper are the 
edge-colorings of P.G. Tait and the vertex-labelings of P.J. Heawood. Tait 
initiated the study of edge-coloring in 1880 by translating the problem of coloring 
maps to the problem of coloring the edges of cubic graphs [6]. In so doing he 
mistakenly believed that he had proved the four-color theorem. The following 
theorem is proved in [l, pp. 26-271. 
Theorem 1 (Tait). The four-color theorem is equivalent to the statement that 
every bridgeless planar cubic graph is 3-edge-colorable. 
Since the four-color theorem is now known to be true, it follows that every 
bridgeless planar cubic graph is 3-edge-colorable. We offer the following 
conjecture which extends this result. 
Conjecture. Let G be a bridgeless planar graph each of whose vertices is of 
degree 2 or 3 and having at least two vertices of degree 2. Then G is 
3-edge-colorable. 
(We note that such a graph having exactly one vertex of degree 2 is not 
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3-edge-colorable, for the same reason that a cubic graph that has a bridge is not 
3-edge-colorable.) 
The main goal of this paper is to present a method of attack on the problem of 
proving this conjecture. Our approach is to mimic the way in which Heawood 
translated the problem of coloring the edges of a graph to the problem of solving 
a system of congruences arising from the labeling of the vertices [2]. 
Theorem 2 (Heawood). A bridgeless planar cubic graph is 3-edge-colorable if 
and only if its vertices can be labeled either 1 or 2 in such a way that the sum of the 
labels around any face is divisible by 3. 
2. Angle-labeling of cubic graphs 
We begin our discussion of angle-labeling of cubic graphs by stating a result 
from [3] in which an “angle-labeling” of a graph means that the “angles” of the 
graph are labeled either 0 or 1. (Since an angle can be defined formally as a pair 
of adjacent edges, we need not require the graph to be planar.) With each vertex 
of the graph we associate six angles, three “interior” angles and three “exterior” 
angles, as shown in Fig. 1. We abuse notation slightly and allow ai to represent 
both the angle and its label. 
Fig. 1. 
Theorem 3 (Loupekine and Watkins). A cubic graph is 3-edge-colorable if and 
only if there is an angle-labeling of the graph with O’s and l’s such that at each 
vertex the six associated angle-labels satisfy the congruence 
a, + a2 + a3 - a4 - a5 - a6 = 2 (mod 4). 
We now state a result for planar cubic graphs in which we label each angle of 
the graph either 1 or 2 and, with each edge of the graph, we associated four 
angles, as shown in Fig. 2. This result follows immediately from Theorem 6 in the 
next section. 
j*{ 
Fig. 2. 
Theorem 4. A bridgeless planar cubic graph G is 3-edge-colorable if and only if 
there is an angle-labeling of the graph with l’s and 2’s such that 
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(a) at each edge the four associated angle-labels satisfy 
a, + a2 + a3 + a4 s 0 (mod 2); 
(b) the sum of the angle-labels interior to any face of G is 0 (mod 3). 
3. Angle-labeling of graphs having vertices of degree 2 and 3 
We now turn to graphs that have vertices of degree 2 as well as vertices of 
degree 3. 
Theorem 5. Let G be a bridgeless planar graph each of whose vertices is of degree 
2 or 3. Then, G is 3-edge-colorable if and only if there is an angle-labeling of the 
graph with l’s and 2’s such that 
(a) the sum of the angle-labels interior to any face is 0 (mod 3); 
(b) the sum of the angle-labels around any vertex is 0 (mod 3). 
Proof. First we assume that the angles of G have been labeled with l’s and 2’s so 
that conditions (a) and (b) hold. We color the edges of G with colors 0, 1 and 2 as 
follows. Begin by coloring some edge with color 0. Then, for an edge e2 adjacent 
to some previously colored edge e,, we color e2 with the sum (mod 3) of the color 
of e, and the label (or labels) of the angle (or angles) to the right of the path e,e,. 
We then repreat this process, always coloring a new edge that is adjacent to an 
edge that has been colored previously. 
We show that this procedure leads to a 3-edge-coloring of G. Let v be the 
vertex incident to each of e, and e2. If v has degree 2 then, by condition (b), one 
angle at v has label 1 and the other angle at v has label 2; thus, whichever label is 
to the right in going from e, to e 2, we get a color for e2 that differs from the color 
for el. If v has degree 3, then by condition (b) all the angles at v have the same 
label; thus, whether there is one angle or two angles to the right in going from e, 
to e2, we get a color for e2 that differs from the color for e,. Furthermore, it 
follows from condition (a) that the color assigned to an edge is independent of the 
path used to reach that edge. Thus, G is 3-edge-colorable. 
In order to prove the converse, we assume that the edges of G have been 
3-colored with colors 0, 1 and 2. Then to label the angle between two edges-say 
e, and e2, colored respectively c1 and c2, with e2 counterclockwise from e,--we 
label the angle with c2 - c1 (mod 3). This labeling certainly satisfies condition (a) 
since, if the edges clockwise around any face are colored cl, c2, . . . . , ck, then 
the sum of the angles around this face is (c2 - cl) + (cg - CJ + 9 . . + (c, - c,J = 0. 
This labeling also satisfies condition (b): at a vertex of degree 2, the two adjacent 
edges are colored c1 and c2, say, and one angle is labeled c2 - c1 and the other 
c1 - c2, so one label is 1 and the other label is 2; at a vertex of degree 3, the three 
edges are colored, in counterclockwise order, either 0, 1, 2 or 0, 2, 1; in the first 
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case the three angles are all labeled 1, and in the second case the three angles are 
all labeled 2. This completes the proof of the theorem. 0 
In the preceding argument we always gave the same label to all three angles 
around a vertex of degree 3; this leads to the following restatement of Theorem 5. 
Corollary. Let G be a bridgeless planar graph each of whose vertices is of degree 2 
or 3. Then, G is 3-edge-colorable if and only if there is a labeling with l’s and 2’s 
of the vertices of degree 3 and of the angles at vertices of degree 2 in which one 
angle is labeled 1 and the other angle is labeled 2, such that 
around any face the sum of the vertex-labels (for 
vertices of degree 3) and the interior angle-labels 
(for vertices of degree 2) is O(mod!3). 
We can now give the generalization of Theorem 4 for graphs having vertices of 
degree 2 or 3. This characterization is in terms of the four angles associated with 
an edge (see Fig. 2). 
Theorem 6. Let G be a bridgeless planar graph each of whose vertices is of degree 
2 or 3. Then, G is 3-edge-colorable if and only if there is an angle-labeling of the 
graph with l’s and 2’s such that 
(a) the sum of the angle-lables interior to any face is 0 (mod 3); 
(b) for each edge e joining two vertices v and w the four angle-labels associated 
with e satisfy 
al + a2 + a3 + a4 = deg(v) + deg(w) (mod 2). 
Proof. First we assume that G is 3-edge-colorable. Then, by Theorem 5, there is 
an angle-labeling such that condition (a) holds and also the sum of the 
angle-labels around any vertex is 0 (mod 3). If a vertex has degree 3, therefore, 
all three angles have the same label; whereas, if a vertex has degree 2, then one 
angle is labeled 1 and the other 2. Thus, if both v and w have degree 3, then the 
sum of the four angles at an edge is 0 (mod 2); if, say, v has degree 3 and w has 
degree 2, then the angle sum is odd; if both v and w have degree 2, then the angle 
sum is 6. So, condition (b) holds as well. 
Conversely, suppose that the angles of G have been labeled so that conditions 
(a) and (b) hold. We show that G has a 3-edge-coloring. For each edge e, let v be 
the vertex at one end of e and let a, and a4 be the associated angle-lables at that 
end. Then we label e with a, + a4 + deg(v) + 1 (mod 2). (Because of condition 
(b), we get the same label for e if we use the other end and label e with 
az + a3 + deg(w) + 1 (mod 2).) This labeling of the edges partitions the edges of G 
into two classes, those labeled 0 and those labeled 1. We claim that the edges 
labeled 1 form a disjoint set of cycles. 
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Let v be a vertex of degree 3 and let a,, u2, a3 be the three angles at 21. Then 
the sum of the labels for the three edges incident to u is 2ai + 2a2 + 2~ + 
3 deg(v) + 3 = 0 (mod 2). Thus, at a vertex of degree 3, either all three edges are 
labeled 0 or two edges are labeled 1 and one edge is labeled 0. Now let u be a 
vertex of degree 2, and let ai and u2 be the two angles at U. Then the sum of the 
labels for the two edges incident to u is 2u, + 2u, + 2 deg(u) + 2 = 0 (mod 2). 
Thus, at a vertex of degree 2, both edges have the same label. It follows that the 
edges labeled 1 form a disjoint set of cycles in G. 
Thus, by the Jordan Curve theorem, we can color the regions between these 
cycles black or white so that these cycles form the boundary between regions 
colored black and regions colored white. If an angle is in a white region, then we 
do not change its label. If an angle is in a black region, then replace its label a by 
3 - a. Condition (a) still holds. Because of the way in which edges were labeled, 
an edge e incident to a vertex of degree 3 is labeled 1 if ai # u4, and is labeled 0 if 
ai = u4. Therefore, if all three edges incident to such a vertex are labeled 0, then 
all three angles have the same label, and, since such a vertex is an interior point 
to a white or black region, this remains true after our color switch. On the other 
hand, if two of the three edges are labeled 1, then the label of the angle between 
these edges differs from the label of the other two angles. However, after the 
color switch, all three have the same label. Thus, we can assign a label 1 or 2 to 
each vertex of degree 3-namely, the label of the surrounding angles. 
Now, condition (a) is simply the condition given in the corollary to Theorem 5, 
so by that corollary, G is 3-edge-colorable. 0 
We conclude with a result that combines angle and edge labeling. As labels, we 
use elements of the symmetric group 
S, = {a, b : u3 = 6’ = 1, ub = bu’}, 
in which 1 is the identity element. We label angles with either a or a2 and we 
label the “sides” of edges with either 1 or b. Thus, we associate with each edge 
four angle-labels and two edge-labels; with each face, we associate an angle-label 
at each vertex on the boundary and an edge-label for each edge on the boundary. 
Theorem 7. Let G be a bridgeless planar graph each of whose vertices is of degree 
2 or 3. Then, G is 3-edge-colorable if and only if there is a labeling of G with 
elements from S, in which the angles of G are labeled a and u2 and the sides of 
edges 
(4 
(b) 
are labeled 1 and b such that 
the product in S, about any face of all the interior angle and edge labels 
(taken in order) is the identity 1; 
for each edge e the total number of u’s and b’s is congruent to the sum 
(mod 2) of the degrees of the endpoints of e. (Note that a2 counts as two 
a%.) 
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Proof. First we suppose that G can be 3-edge-colored. Label both sides of each 
edge with the identity 1. Then label the angles with l’s and 2’s so that the two 
conditions of Theorem 6 hold. If at each angle we now replace its label x with ax, 
then conditions (a) and (b) are immediately satisfied. 
Conversely, assume that G has been labeled so that condition (a) and (b) hold. 
The idea is to reverse the above procedure, but first any b’s that occur as labels 
have to be eliminated. By condition (a) the number of b’s around any face is 
even. We can eliminate the b’s one pair at a time by replacing the label b with the 
identity 1 and ‘sliding’ the b counter-clockwise around the interior of the 
boundary of the face, changing any angle-label we pass from a to a2 (or from a2 
to a), until the b reaches another edge labeled b, at which point we replace the b2 
with the identity 1. Since ub = bu2 (and u2b = bu), this maintains condition (a) at 
each stage and, since an edge losing or gaining one b also loses or gains an a, the 
total number of u’s and b’s does not change (mod 2). In this way we remove all 
b’s. Now, at each angle, replace the label ux with x. Conditions (a) and (b) of 
Theorem 6 now hold, so G can be 3-edge-colored. 0 
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